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MANWAH LILIAN WONG 

Abstract. Let d\i be a probability measure on the unit circle and 
dv be the measure formed by adding a pure point to dfi. We give 
a formula for the Verblunsky coefficients of dv, based on a result 
of Simon. 



1. Introduction 

Suppose we have a probability measure dp, on the unit circle <9D = 
{z G C : \z\ = 1}. We define the inner product associated with d\i and 
the norm on L 2 (<9D, d[i) respectively by 



(f,g)= / f(e»)g(e")d»(0) (1.1) 



dfj, 



\f«' H )[ 2 <l f ^)) 1 " (1.2) 



The family of monic orthogonal polynomials associated with the 
measure d\i is denoted as ($ n (z, dfj,))^ =0 , while the normalized fam- 
ily is denoted as (<f n (z,dii))^ =Q . 

Let $ni z ) = z n ^ n (l/z) and <p* n {z) = $*(z)/||$ n || be the reversed 
polynomials. Orthogonal polynomials obey the Szego recursion relation 

$ n+1 (z) = Z^ n (z) - C^$* n (z) (1.3) 

a n is called the n th Verblunsky coefficient. It is well known that there 
is a one-to-one correspondence between d[i and (<x,-(d/i))!^ and that 
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the Verblunsky coefficients carry much information about the family of 
orthogonal polynomials. For example, 

n-1 

ll*»ll a = IB 1 " l«;l 2 ) (i.4) 

3=0 

For a comprehensive introduction to the theory of orthogonal poly- 
nomials on the unit circle, the reader should refer to jU[5], or the classic 
reference [6]. 

The result that we would like to present is the following 

Theorem 1.1. Suppose dfi is a probability measure on the unit circle 
and < 7 < 1. Let dv be the probability measure formed by adding a 
point mass ( = e tuJ G d3 to dfi in the following manner 

dv = (1 -7)^ + 7^ (1.5) 

Then the Verblunsky coefficients of dv are given by 



\a, 



|2\l/2 



a n (dv) = a n + - </?n+i(CX(C) ( L6 ) 

(1 - 7)7 + K n (Q 

where 

n 

Kn(C) = 5^ |^(C) I 2 (1.7) 
3=0 

and all objects without the label (dv) are associated with the measure 
d\i. 

The proof is based on a result obtained by Simon in the proof of 
Theorem 10.13.7 in [5] (See Theorem 12. II below) . 

In fact, the following formula had been found by Geronimus j2] 

».(«,*0 = *.<*)- „ ^flti^ln ( L8 > 

(1-7)7 +^n-l(C,C) 

The formula for the real case was rediscovered by Nevai [3] , Later, the 
same formula for the unit circle case was rediscovered by Cachafeiro- 
Marcellan pp. Unaware of Geronimus' result and the fact that Nevai's 
result also applies to the unit circle, Simon reconsidered this prob- 
lem and proved formula (12.71) independently using a totally different 
method. 

For applications of formula (II. 61) . the reader may refer to [7] and [8]. 
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2. The Proof 
First, we will prove a few lemmas. 
Lemma 2.1. Let (3jk = ($j(d/i), ^(dyu))^- Then 

A)o An • ■ ■ A) n 

1 

$ n (aV)(z 



Ai-10 Ai-11 • • • Ai— 1 n 
$o{dfl) $n(a>) 



where 



£)(n-l) 



A Po 1 
Ai-10 Ai-11 



POn-l 
Pn-ln-1 



(2.1) 



(2.2) 



Proof. Let $ n (efo/) be the right hand side of (12.11) . We observe that the 
inner product ($j(d/x), $„(aV))dt/ is zero for j = 0, 1, . . . , n — 1 as the 
last row and the j row of the determinant are the same. By expanding 
in minors, we see that the leading coefficient of <& n (dv) in (12 .ip is one. 
In other words, $ n (aV) is an n th degree monic polynomial which is 
orthogonal to 1, z, ... , z n ~ l with respect to ( , hence $ n (aV) equals 



Lemma 2.2. Lei C be the following (n + 1) x (n + 1) matrix 

' A v 

w 8 



(2.3) 



where A is annxn matrix, (3 is in C, t> zs £/ie column vector (vq, v i, . . . , tv, 
and w is the row vector (wq,w\, . . . , iu n -i)- If det(A) ^ 0, we /iai>e 



det(C) = det(A) ( /3 - ^ J 



(2.4) 



Proof. We expand in minors, starting from the bottom row to get 

det{C) = f3det{A) + w k v j (-iy +k+1 det{A jk ) (2.5) 

0<j,k<n-l 



where A~ k is the matrix A with the j th row and k th column removed. 



,th 
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By Cramer's rule, since det(A) ^ 0, 

^•^(-l^det^)^- 1 )^ (2.6) 
proving Lemma [2.21 □ 
Next, we are going to prove the following formula by Simon [5]: 



Theorem 2.1. The Verblunsky coefficient of dv (as defined in (|T. 
is given by 



1$ 



a n (du) =a n - g n 1 7^+i(C) ( ^Q=j-i <Pj(C) 



where 



j=0 

g n = (l- 7 )+ 7 K n (C) 
a_i = —1 



(2.7) 



(2.8) 

(2.9) 
(2.10) 



and all objects without the label {dv) are associated with the measure 
d\i. 



Proof Since a n _i((i^) = — & n (0,dv) and /3jk = /3f,j, by Lemma |27L| 

A) /^l • • • fin 



a„_i((iz/) 



1 



/^On-l Pln-1 ••• Ain-l 

-1 a ... a n -i 



(2.11) 



Let C be the matrix with entries as in the determinant in (12.111) above. 
It could be expressed as follows 



C 



A v 



(2.12) 



where A is the n x n matrix with entries A^ = v is the column 
vector ((3 n o, . . . , /3 nn _i) T and w is the row vector (—1, a , . . . , 0^-2)- 
Note that det(A) = D^ n ~^ and it is real as A is Hermitian. 

Now we use Lemma [2721 to compute det{C). To do that, we need to 
find out what A^ 1 is. 
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By the definition of v, 



A jk = (1 - j)\\$ k \\ 2 5 kj + 7*fc(C)^(C) = 11^-11 \\®j\\M jk (2.13) 
where 



M jk = (1 - j)5 kj + iMOMO (2-14) 
Observe that for any column vector x = (xq, x±, . . . , x n -\) T , 

Mx = (1 - j)x + ^(0^ MO, ¥>i(C), • • • , Po(C)f (2.15) 

Therefore, if P v denotes the orthogonal projection onto the space spanned 
by the vector <p = (<fo((), ¥>i(C)j • • • > Vo(C)); we can write 

M= (1-7)1 + 7^^ (2.16) 
Hence, the inverse of M is 

M- 1 = (1 - 7 )" 1 (1 - P v ) + ((1 - 7 ) + 7^-1)^^ (2.17) 
and the inverse of A is 

A" 1 = D- X M~ X D- X (2.18) 

where D^- = 

Recall that v = (f3 n o, Pni, ■ ■ ■ , (3nn-i) T , which is a multiple of <p. 
Therefore, 

{A- l v) = ((1 - 7) + iKn^y 1 7 MO ll^irV,(C) (2.19) 
(jZISD , f l2~TTj) and Lemma O then imply 



n -i{dv) = a n _i-((l - 7) + 7^'n-i)" 1 7 ¥>n(C) ( a i-i]j^ir^(^) 

(2.20) 
□ 



This concludes the proof of Theorem 12.11 



Now we are going to prove Theorem 11.11 
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Proof. First, observe that azj-i = —$,((]). Therefore, = 
—(fj(0). Second, observe that ||$ n+1 || is independent of j so it could 
be taken out from the summation. As a result, (\2.7\i in Theorem 12.11 
becomes 

a n (dis) = a n (dn) + g"S <p n+1 (t) ||$ n +i|| ^ <fM^(Oj ( 2 - 21 ) 

Then we use the Christoffel-Darboux formula, which states that for 
x, y G C with xy ^ 1, 

(1 - Xy) ¥j( x )¥j(y) j = <fn( X )f*n(y) - Xy<Pn{x)<Pn(y) (2.22) 

Moreover, note that q' 1 ^ = ((1 -7)7^ + K n (C))~ 1 Therefore, f[2T2Tj) 
could be simplified as follows 



a n (di/) = a n + - r j~ r^n+i (2.23) 

(1 - 7)7 1 + K n (Q 

Finally, observe that <(0) = and that by COD, ||$ n+ i||/||$ n || 

(1 — l^l 2 ) 1 / 2 . This completes the proof. □ 
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